We examine the velocity distribution function (VDF) in dark matter halos from Milky Way to cluster mass scales. We identify an empirical model for the VDF with a wider peak and a steeper tail than a Maxwell-Boltzmann distribution, and discuss physical explanations. We quantify sources of scatter in the VDF of cosmological halos and their implication for direct detection of dark matter. Given modern simulations and observations, we find that the most significant uncertainty in the VDF of the Milky Way arises from the unknown radial position of the solar system relative to the dark matter halo scale radius.
1. INTRODUCTION Dark matter is the dominant component of matter in the Universe, and the key to the formation of large-scale and galactic structures. Modern cosmological observations suggest that dark matter is composed of a yet-unidentified elementary particle (e.g. Feng 2010 ). However, direct evidence for dark matter particles has proved elusive. Experiments that search for Weakly Interacting Massive Particles (WIMPs), one of the most plausible particle dark matter candidates, seek to identify the scattering of a WIMP with a nucleus in an underground detector (Bernabei et al. 2008; CDMS II Collaboration et al. 2010; Aalseth et al. 2011; Angloher et al. 2012; Aprile et al. 2011) . Constraining, and eventually measuring, the WIMP mass and cross section requires a precise understanding of the dark matter spatial and velocity distribution at the Earth's location in the Milky Way (Strigari & Trotta 2009; McCabe 2010; Reed et al. 2011; Green 2012) .
Dark matter is distributed in halos extending beyond the visible components of galaxies; many statistical properties including the formation and structure of these halos have been well characterized by simulations. Despite the diversity in the merger and accretion histories of dark matter halos of different masses, cosmological simulations have long suggested near universality in the density profiles of halos (Navarro et al. 1996 (Navarro et al. , 1997 . There have been several attempts to connect this universality in the density profile to the dark matter Velocity Distribution Function (VDF) (Hansen et al. 2006; Kuhlen et al. 2010; Navarro et al. 2010) . However, there is no wellestablished model or description for the VDF that has been rigorously tested with cosmological simulations.
Both the implications for direct detection and the quest for a theoretical understanding of the phase-space distribution in dark matter halos motivate a study of the VDF. Under specific, and perhaps too stringent, assumptions, including isolation, equilibrium, spherical symmetry, and isotropy, the VDF may be determined uniquely from the density profile. For example, with all assump-tions named above and a known density profile, the ergodic distribution function can be calculated using Eddington's formula (Eddington 1916) . Although useful as an analytic framework, these assumptions are unlikely to strictly hold for halos formed via hierarchical merging.
In absence of an understanding from first principles, a practical approach to study the VDF involves appealing directly to dark matter halos with a wide range of physical properties in cosmological simulations. Quantifying the VDF directly from cosmological simulations would provide a better empirically-motivated framework to predict signals in direct detection experiments. Furthermore, with a parametrized VDF, it becomes more tractable to study the relations between the VDF and other physical quantities of the halos, such as mass, density profile, shape, and formation history.
In this study, we use a suite of dark matter halos from cosmological simulations to study the VDFs at different radii of these halos. We identify a similarity in VDFs among a wide range of halos with different masses, concentrations, and other physical quantities, that depends primarily on r/r s , the radius at which it is measured divided by the scale radius of the density profile. We further notice that neither standard MaxwellBoltzmann models (Lewin & Smith 1996) nor models that have been previously proposed to describe collisionless structures (Hansen et al. 2006; Kuhlen et al. 2010; Navarro et al. 2010 ) are able to provide an adequate description of cosmological VDFs. Instead, we describe the distribution of the norm of velocity (in the Galactic rest frame) more accurately with an empirical model:
where the normalization constant A is chosen such that the integral 4π vesc 0 v 2 f (v)dv equals the number of particles in the region of interest. Note that in this parameterization the VDF approaches an exponential distribution instead of a Gaussian distribution at the lowvelocity end. With this model, we quantify the scatter in the VDF from a variety of sources, including halo-tohalo scatter, scatter from finite particle sampling, and scatter from the uncertain position of the Earth within a given halo. We further identify the largest uncertainties that currently exist in our understanding of the VDF at the location of the Earth in our Galaxy, and quantify their relevance for inferences from direct detection experiments.
2. UNIVERSAL VELOCITY DISTRIBUTION IN SIMULATIONS To identify the relevant physical quantities which affect the VDF and to quantify scatter in the distributions among different halos in cosmological simulations, we must examine a large number of halos across a wide range of mass. We also need high resolution to reduce sampling error and distinguish differences in VDFs for different parameters.
In this study, we use halos from the Rhapsody and Bolshoi simulations; state-of-the-art dark-matter-only simulations with high mass resolution. Rhapsody consists of re-simulations of 96 massive cluster-size halos with M vir = 10 14.8±0.05 M ⊙ h −1 . The particle mass is 1.3 × 10 8 M ⊙ h −1 , resulting in ∼ 5 × 10 6 particles in each halo. This simulation set currently comprises the largest number of halos simulated with this many particles in a narrow mass bin ( Fig. 1 of Wu et al. 2012) . Bolshoi is a full cosmological simulation, with similar mass resolution, 1.3 × 10 8 M ⊙ h −1 . For detailed descriptions of the Rhapsody and Bolshoi simulations, refer to Wu et al. (2012) and Klypin et al. (2011) respectively.
We use the phase-space halo finder Rockstar (Behroozi et al. 2011 ) to identify host halos at z = 0. The masses and radii of the halos are defined by the spherical overdensity of virialization, M (< r vir ) = 4π 3 r 3 vir ∆ vir ρ c , where ∆ vir = 94 and ρ c is the critical density. We examine the VDFs at a range of radii. A VDF at radius r uses all particles within a spherical shell centered at the halo center with the inner and outer radii of 10 ±0.05 r, so that the ratio of the shell width to the radius is fixed. In each shell, we assign the escape velocity (v esc ) as the spherically-averaged v esc of all particles in the shell. We have verified that v esc determined from this method is consistent with the same quantity deduced from the best-fitting spherically-averaged smooth density profile.
We fit each halo with an NFW density profile,
where r s is the scale radius at which the log-log slope is −2. The fit uses maximum-likelihood estimation based on particles within r vir . The halo concentration is defined as c = r vir /r s . Fig. 1 shows the VDF at different values of r/r s . The value of r/r s affects the shape of VDF dramatically. The peak of the distribution is a strong function of r/r s . If instead the velocity is normalized by the circular velocity at each radius rather than the escape velocity, this trend will be slightly weakened but still significant. This trend in r/r s is not surprising because the VDF heavily depends on the gravitational potential. If the density profiles of simulated halos can be described by the NFW profile, which is a function of r/r s only (up to a normalization constant), the VDF should mostly depend on r/r s until the isolated NFW potential breaks down at large radius. The above trend is robust for halo masses down to ∼ 10 12 M ⊙ , as shown by the Bolshoi simulation in Fig. 1 . The scatter of the VDFs in the low-mass halos considered is somewhat larger due to resolution. However, when the high-mass halos are downsampled to have the same particle number, the spreads in the stacked VDF are comparable to the low-mass halos. We further investigated the impact of a variety of parameters characterizing the halo on the shape of the VDF, and found that for a fixed value of r/r s , the halo-to-halo scatter in the VDFs is not significantly reduced when binning on concentration, shape, or formation history. A detailed discussion on this halo-to-halo scatter is in Section 4.
3. MODELS OF THE VELOCITY DISTRIBUTION FUNCTION The dark matter velocity distribution in halos is set by a sequence of mergers and accretion. The process of violent relaxation (Lynden-Bell 1967) may be responsible for the resulting near-equilibrium distributions observed in dark matter halos and in galaxies. These near-equilibrium distributions explain why existing VDF models (see e.g. Frandsen et al. 2012) , including the Standard Halo Model (SHM), King model, the double power-law model, and the Tsallis model, are all variants of the Maxwell-Boltzmann distribution. Recent studies have shown that the widelyused SHM, which is a Maxwell-Boltzmann distribution with a cut-off put in by hand, is inconsistent with the VDF found in a handful of individual simulations (Stiff & Widrow 2003; Vogelsberger et al. 2009; Kuhlen et al. 2010; Purcell et al. 2012) and in the study of rotation curve data (Bhattacharjee et al. 2012 ). The double power-law model was proposed to suppress the tail of the distribution, by raising the SHM to the power of a parameter k (Lisanti et al. 2011 ). The Tsallis model replaces the Gaussian in Maxwell-Boltzmann distribution with a q-Gaussian, which approaches to a Gaussian Figure 2 . The VDF for one representative dark matter halo in Rhapsody (histogram), along with the best fits using Eq. (1) with (v 0 /vesc, p) = (0.13, 0.78) (black, χ 2 = 0.59), SHM (blue, 9.67), the double power-law model (cyan, 9.47), the Tsallis model (green, 1.99), and the analytic VDFs from Eddington's formula with isotropic assumption (red dash, 8.48), Osipkov-Merritt (magenta dash, 6.41), and constant β = 1/2 (yellow dash, 11.8). The y-axis is in log scale in the main figure and linear in the inset.
as q → 1 (Vergados et al. 2008) . It was argued that the Tsallis model provides better fit to simulations with baryons (Ling et al. 2010) , although this conclusion may be affected by the relatively low resolution of the simulations. In contrast, our empirical model, Eq. (1), is not based on a Gaussian distribution but rather on an exponential distribution. It also has a power-law cut-off in (binding) energy. Fig. 2 shows the VDF in a simulated halo, along with the best fit from Eq. (1) and the best fits from other conventional models. All the best-fit parameters are obtained from the maximum-likelihood estimation in the range of (0, v esc ). The fits using Eq. (1) are statistically better than other models or the analytic VDFs, especially around the peak and the tail. We performed the likelihood-ratio test and found that our model fits significantly better for all Rhapsody halos than the SHM or the double power-law model at all four radii shown in Fig. 1 .
In Fig. 2 we also compare three analytic VDFs. For the isotropic model shown, the analytic VDF is given by Eddington's formula, which gives a one-to-one correspondence between the density profile and the VDF. For anisotropic systems, one must also model the anisotropy parameter, defined as
, where σ 2 is the variance in each velocity component. There is currently no analytic VDF whose anisotropy profile matches that measured in simulations, so we choose three simple and representative anisotropic models: constant anisotropy (with β = 0 and 1/2) and the OsipkovMerritt model (Osipkov 1979; Merritt 1985) . The phasespace distributions of these models can be determined numerically (Binney & Tremaine 2008) . For all three cases, we adopt the NFW profile as in Eq. (2), with the best-fit scale radius. For the Osipkov-Merritt model, we use the best-fit anisotropy radius. It is shown in Fig. 2 and also suggested by the chi-square test for the models considered that the analytic VDFs do not describe the simulated VDF well.
Our VDF model, Eq. (1), consists of two terms: the exponential term and the cut-off term. The origin of the the exponential term can be explained by the anisotropy in velocity space. Fig. 3 shows the distributions, the dispersion, and the kurtosis of the velocity vectors along the three axes of the spherical coordinate. Kurtosis is a measure of the peakedness of a distribution, defined as
2 − 3, where v i is the velocity of the i-th particle along one axis, and this value is zero for the normal distribution. The ratios of dispersion between the three axes are close to one at small radii, and the ratios increase with radius. The kurtosis, on the other hand, is in general non-zero and decreases with radius. An important consequence of the non-zero kurtosis is that even if the dispersion along the three axes are similar (anisotropy parameter β ∼ 0), the velocity vectors do not follow an isotropic multivariate normal distribution in any coordinate system (even after a local coordinate transformations). In other words, as long as there exists either anisotropy or non-zero kurtosis in a certain coordinate, the norms of the velocity vectors will not follow the Maxwell-Boltzmann distribution. Indeed, Fig. 3 shows that in the simulations, one always has non-zero kurtosis and/or anisotropy. Other simulations also indicate that the velocity vectors of dark matter particles have anisotropy (Abel et al. 2011; Sparre & Hansen 2012 ) and non-zero kurtosis (Vogelsberger et al. 2009 ). We further found that if the ratios of dispersion between the three axes of a multivariate normal distribution are around 0.2 to 0.6, the norms of those random vectors will follow a distribution which resembles our model without the cutoff term, v 2 exp(−v/v 0 ). (For a formal discussion on this topic, see e.g. Bjornson et al. 2009.) This suggests that if one can find a coordinate system where the distributions of the velocity components are all distributed normally (with zero kurtosis), there will be a larger difference between the dispersion along the three axes in this new coordinate system than in the spherical coordinate.
The (v 2 esc − v 2 ) p term in our VDF model introduces a cut-off at the escape velocity. It further suppresses the VDF tail more than the exponential term alone does. Despite that this cut-off term has the form of a power-law in (binding) energy, the best-fit values of the parameter p does not necessarily reflect the "asymptotic" powerlaw index k, defined as k = lim E→0 (d ln f /d ln E), where f (E) is the (binding) energy distribution function. The relation between k and the outer density slope has been studied in the literature (Evans & An 2006; Lisanti et al. 2011 ). However, because d ln f /d ln E deviates from its asymptotic value k rapidly as E deviates from zero, the asymptotic power-law index k could be very different from the best-fit power-law index for the VDF tail (e.g. v > 0.9v esc ). Furthermore, the shape of the VDF power-law tail could be set by recently-accreted subhalos that have not been fully phase-mixed (Kuhlen et al. 2012) , and hence has no simple relation with the density profile. In high-resolution simulated dark matter halos, particles stripped off of a still-surviving subhalo are seen to significantly impact the tail of the VDF. A larger sample of simulations at higher resolution than we consider in the current analysis will be needed to further test this hypothesis. We demonstrated above that there exists a similarity in VDFs for a wide range of simulated dark matter halos; Eq.
HALO-TO-HALO SCATTER IN VELOCITY DISTRIBUTIONS
(1) provides a good description of this similarity. We now quantify explicitly how the VDF depends on r/r s and the associated halo-to-halo scatter. Fig. 4 shows a scatter plot of the velocity distributions for different halos, characterized by the two parameters of Eq. (1), for different r/r s . The regions of (v 0 , p) parameter space for different r/r s are distinct, which implies that r/r s is the most relevant quantity in determining the shape of the velocity distribution. We also found that the parameter v 0 /v esc has a linear relationship in log(r/r s ), as shown in the inset of Fig. 4 .
We note that there is significant degeneracy between the two parameters (v 0 , p). This degeneracy comes from the fact that a larger value of p is needed to steepen the tail of the VDFs which have larger values of v 0 . In our fitting process we left both parameters free because there is no simple relation between v 0 and p for all radii. Because of this degeneracy, there also exists a linear relation between p and log(r/r s ). However, since the best-fit p is not well-constrained due to the low number of particles in the tail of the VDF, the relation between p and log(r/r s ) is not well determined either.
In Fig. 4 we see there exists halo-to-halo scatter even for a fixed r/r s . This intrinsic scatter could arise from the statistics of the samples or some other physical quantities. Fig. 5 shows the best-fit v 0 /v esc at different radii as a function of concentration, halo shape (c/a), formation time (z 1/2 ), and local density slope (−d ln ρ/d ln r) respectively, as defined in Wu et al. (2012) . We found that at a given r/r s (a fixed color), v 0 /v esc does not have a local density slope Figure 5 . Scatter plots of the best-fit parameter v 0 /vesc with concentration, halo shape (c/a), formation time (z 1/2 ), and local density slope on the x-axes respectively. Each dot represents one halo from the Rhapsody simulation at a certain r/rs: (from bottom to top in each panel) 0.15 (blue), 0.3 (red), 0.6 (green), 1.2 (magenta). For any fixed r/rs, there is no significant correlation between v 0 /vesc and the aforementioned quantities on the x-axes. See text for details.
significant correlation with the physical quantities on the x-axis (except for z 1/2 in the two smallest radial bins). This reinforces the main result of this study: the VDF is mostly determined by r/r s (i.e. the gravitational potential). We note that the lower left panel of Fig. 5 shows a weak correlation between z 1/2 and v 0 /v esc ; however if the halos with z 1/2 < 0.25 are removed, this correlation is no longer statistically significant. Halos with recent accretion tend to have larger deviations from the NFW profile, and this results in a slight overestimate of the best-fit scale radius (fit to an NFW profile). We do not expect the Milky Way has had a recent major merger with z 1/2 < 0.25. This indicates that for possible Milky Way host halos, one can exclude these systems with recent major mergers, and there will be no remaining correlation between formation time and v 0 . For Milky Way size halos, it has been suggested that the VDF has a universal shape depending only on the velocity dispersion and the local density slope (Hansen et al. 2006) . This is related to our finding in a way that the magnitude of the velocity dispersion is roughly proportional to v esc and the local density slope for an NFW profile is given by a monotonic function of r/r s ,
However, our study suggests that r/r s is a more fundamental quantity than the local density slope in determining the shape of the VDF. Fig. 5 illustrates that v 0 /v esc does not grow with the local density slope when one only looks at a fixed r/r s (points with the same color), but it does grow with r/r s when the local density slope is fixed.
5. IMPLICATIONS FOR DIRECT DETECTION RATES Given the known dependence on r/r s , we can now examine the impact on direct dark matter detection experiments. The differential event rate per unit detector mass of dark matter interactions in direct detection experiments is
where Q is the recoil energy, ρ 0 is the local dark matter density, σ 0 is the WIMP-nucleus cross section at zero momentum transfer, m dm is the WIMP mass, µ is the WIMP-nucleus reduced mass, A is the atomic number of the nucleus, |F (Q)| 2 is the nuclear form factor, v min = (Qm N /2µ
2 ) 1/2 for an elastic collision, f is the VDF in the Galactic rest frame, and v e is the velocity of Earth in the Galactic rest frame (Lewin & Smith 1996) .
With Eq. (4) one can calculate the event rate given VDF and v min . We calculated this rate for each halo using the best-fit exponential model of the VDF, for different v min and different r/r s . The results are shown in Fig. 6 , where we divided the rate by the rate calculated from the SHM with conventional parameters v 0 = 220 km/s and v esc = 544 km/s for comparison.
The rate as a function of v min behaves very differently for different r/r s as shown in Fig. 6 . For low values of r/r s , the change in detection rates between experiments can be much larger than the predictions of the SHM, e.g., the ratio between the rates of CoGeNT (Aalseth et al. 2011) to DAMA-I (Bernabei et al. 2008 ) is three times larger in our model than in the SHM. This clearly motivates efforts to better constrain the scale radius of the Milky Way: comparing the scatter coming from measurements of VDF with the intrinsic physical differences among halos, the uncertainty on r/r s appears to be the dominant contribution to the uncertainty in event rates, especially for smaller v min .
6. DISCUSSION AND CONCLUSION When deducing the direct detection event rate from cosmological simulations, the primary sources of uncertainty arise from: (i) finite particle sampling of the VDF, (ii) intrinsic scatter from physical processes that affect the VDF during the halo formation process (i.e. the haloto-halo scatter), (iii) the quality of the fit and the validity of a smooth model, (iv) the observational constraint on r/r s for the Milky Way, (v) the variation of the VDFs in various directions at a fixed radius, and (vi) the impact of baryons.
An important outcome of our analysis is that at present the scatter from (iv) is significantly larger than the corresponding scatter due to each of (i), (ii), and (iii), combined, by more than two orders of magnitude. This is particularly important given that the observational constraint on the scale radius suggests the concentration c = r vir /r s is 10−20 (Klypin et al. 2002; Deason et al. 2012) , which corresponds to r ⊙ /r s ∼ 0.15 − 0.6 (Xue et al. 2008; Gnedin et al. 2010; Brown et al. 2010; Busha et al. 2011) . Thus, although the distance from the Earth to the Galactic center is well known (Ghez et al. 2008; Gillessen et al. 2009 ), we find that the largest current theoretical uncertainty on the VDF is the uncertainty in r/r s .
Our determination of the VDF represents an average over a spherical shell. In reality, spherical asymmetry and substructures will affect the VDF and result in additional scatter along different directions. In the Rhapsody simulations, if we divide the spherical shell into several regions while maintaining enough particles (of the order 1000) in each analysis region, we find that this directional scatter is comparable to the halo-to-halo scatter, and that the combined scatter will be 10 − 40% larger than only the halo-to-halo scatter, as illustrated in Fig. 6 . Similar scatter is also seen in the Aquar-ius Milky Way simulations (Vogelsberger et al. 2009 ). This directional scatter will grow at larger radii because it is a consequence of substructures, tidal effects, and streams (Helmi et al. 2003; Maciejewski et al. 2011; Purcell et al. 2012 ). At present, we have no robust way to relate this scatter to direct observables, and in practice this directional scatter may be the most important uncertainty in determining the direct detection rates once other sources have been minimized.
We have not yet investigated the impact of baryons; we expect that adiabatic contraction of dark matter halos would raise the velocity but preserve the shape of the VDF, so that our model will serve as a useful tool for these studies in the future. Baryonic effects in isolated halos have been studied in the context of dark matter detection (Bruch et al. 2009; Ling et al. 2010) ; however, simulating a statistical sample of halos similar to what we consider here, with both sufficient resolution and realistic baryonic physics is not yet tractable.
The results presented here highlight the need to significantly improve the determination of the Milky Way scale radius. Although the concentration is now only weakly constrained with present data (Busha et al. 2011; Deason et al. 2012 ), improvements will be forthcoming with spectroscopy and astrometry from large scale surveys . Analysis along these lines will usher in a new era of complementarity between astronomical surveys and particle dark matter constraints deduced from terrestrial experiments.
